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Abstract. Let L be an ample holomorphic line bundle over a com- 
pact complex Hermitian manifold X. Any fixed smooth hermitian 
metric on L induces a Hilbert space structure on the space of global 
global holomorphic sections with values in the fcth tensor power of L. 
In this paper various convergence results are obtained for the corre- 
sponding Bergman kernels. The convergence is studied in the large k 
limit and is expressed in terms of the equilibrium metric associated to 
the fixed metric 4>, as well as in terms of the Monge- Ampere measure 
of the metric cj> itself on a certain support set. It is also shown that the 
equilibrium metric has Lipschitz continuous first derivatives. These 
results can be seen as generalizations of well-known results concern- 
ing the case when the curvature of the fixed metric 4> is positive (the 
corresponding equilibrium metric is then simply <f> itself). 
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1. Introduction 

Let L be an ample holomorphic line bundle over a compact complex 
manifold X of dimension n. Fix an Hermitian fiber metric, denoted by 
0, on L which is smooth and a smooth volume form on u n on X. The 
curvature form of the metric may be written as dd c (f) (see section 11.31 
for definitions and further notation). Denote by H(X,L k ) the Hilbert 
space obtained by equipping the space H°(X, L k ) of global holomorphic 
sections with values in a tensor power L k with the norm induced by the 
given smooth metric on L and the volume form uj n . The Bergman kernel 
of the Hilbert space Tt(X, L k ) is the integral kernel of the orthogonal 
projection from the space of all smooth sections with values in L k onto 
H(X,L k ). It may be represented by a holomorphic section K k (x,y) of 

the pulled back line bundle L k M L over X x X (formula 13.11) . 

In the case when the curvature form dd c (J) is positive, the asymptotic 
properties of the Bergman kernel K k (x,y) as k tends to infinity has been 

l 
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studied thoroughly with numerous applications in complex geometry and 
mathematical physics. For example, K k (x,y) admits a complete local 
asymptotic expansion in powers of k] the Tian-Zelditch-Catlin expansion 
(see [25], [5] and references therein). The point is that when the curvature 
form dd c (p is globally positive, the Bergman kernel asymptotics at a fixed 
point may be localized and hence only depend (up to negligable terms) 
on the covariant derivatives of dd c (p at the fixed point. 

The aim of the present paper is to study the case of a general smooth 
metric on L, where global effects become important and where there 
appears to be very few previous general results. We will consider three 
natural positive measures on X associated to the setup introduced above. 
First the equilibrium measure 

{dd c <f) e ) n /n\, 

where e is the equilibrium metric defined by the upper envelope 12. 11 and 
then the large k limit of the measures 

(1.1) k- n B k u n , 

where B k (x) := K k (x,x)e~ k ^ will be referred to as the Bergman function 
and of the measure 

(dd c (k~ 1 \nK k (x, x))) n /n\, 

often referred to as the kth Bergman volume form on X associated to 
(LA)- 

It is not hard to see that the total integrals of all three measures co- 
incide (and equal the total integral over X of the (possibly non-positive) 
form (dd c (j)) n ). The main point of the present paper is to show the cor- 
responding local statement. In fact, all three measures will be shown to 
coincide with the measure 

l D {dd c <f)) n /n\ 

where Id is the characteristic function the D in X where e = (corollary 
13.41 theorem 13.31 and 13.61) . In the case when the metric has a semi- 
positive curvature form, e = 0, i.e. the set D equals all of X. The main 
results may be suggestively formulated in the following form: 

K k {x,x) := (k n det(dd c <f) e )(x) + ...)e kMx ' x) , 

where the dots indicate terms of lower order in k. On the set D, the 
equilibrium metric e may be replaced by and away from the set D 
the Bergman function K k (x,x)e~ k ^ x ' x ' becomes exponentially small in 
k. Moreover, for any interior point of D where the curvature form of 
is positive we will show (theorem 13.81) that the Bergman kernel K k (x,y), 
i.e. with two arguments, admits a complete local asymptotic expansion 
in powers of k, such that the coefficients of the corresponding symbol 
expansion coincide with the Tian-Zelditch-Catlin expansion for a positive 
Hermitian holomorphic line bundle. Moreover, it will be shown (theorem 
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13.71) that globally on X x X the following asymptotics hold for the point- 
wise norm \K k (x,y)\ k(f> : 

k- n \K k (x,y)\ 2 H uj n {x) Au n (y) -> A A l DnX{ o){dd c <j)) n /n\ , 

weakly as measures on X x X, where A is the current of integration 
along the diagonal in X x X. A crucial step in the present approach is to 
first show the C 1,1 -regularity of the equilibrium metric <\> e (theorem I2.3|) . 
which is of independent interest. 

Finally, the setup above will be adapted to the case when the Hilbert 
space Ti.(X, L k ) is replaced by the subspace of all sections vanishing to 
high order along a fixed divisor in X. The point is that even in the case 
when the curvature form of the metric is positive, the introduction of 
the divisor is essentially equivalent to studying a (singular) metric with 
negative curvature concentrated along the divisor. 

1.1. Comparison with previous results. The present paper can be 
seen as a global geometric version of the situation recently studied in [4], 
where the role of the Hilbert space H(X,L k ) was played by the space 
of all polynomials in C n of total degree less than k, equipped with a 
weighted norm. In fact, apart from the C 1,1 -regularity of the equilibrium 
metric e , the adaptation to the present setting is fairly straight for- 
ward. The proof of the C 1,1 -regularity is partly modeled on the proof of 
Bedford-Taylor [UED] for C 1,1 — regularity of the solution of the Dirichlet 
problem (with smooth boundary data) for the complex Monge- Ampere 
equation in the unit-ball in C n . The result should also be compared to 
various C 1 ' 1 — results for boundary value problems for complex Monge- 
Ampere equations on manifolds with boundary [HE], intimately related 
to the study of the geometry of the space of Kahler metrics on a Kahler 
manifold (see also [2U [6] for other relations to Bergman kernels in the 
latter context). However, the present situation rather corresponds to a 
free boundary value problem (compare remark liOl) . 

In the case of sections vanishing along a fixed divisor (sectionHD and un- 
der the further assumtion that the curvature form dd c (p is positive, similar 
results have independently been obtained by Julien Keller, Gabor Szeke- 
lyhidi and Richard Thomas [32], but with a different algebro-geometric 
characerization of the set D z in formula 14.11 

As in the case studied in [3] (part 1), where the curvature form of the 
metric was assumed to be semi-positive the present approach to the 
Bergman kernel asymptotics is based on the use of "local holomorphic 
Morse-inequalities", which are local version of the global ones introduced 
by Demailly pEU]. These inequalities are then combined with some global 
pluripotential theory, based on the recent work [15] by Guedj-Zeriahi. 
Further references and comments on the relation to the study of random 
polynomials (and holomorphic sections), random eigenvalues of normal 
matrices and various diffusion-controlled growth processes studied in the 
physics literature can be found in [I]. 
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1.2. Further generalizations. It can be further shown that the main 
results in this paper may be generalized to any line bundle L over a 
Kahler manifold. The results are then closely related to the study of the 
volume of a line bundle over a Kahler manifold [7]. The main general 
case is when the bundle L is big (i.e. the dimension of H°(X, L k ) is of 
the order k n ). Then all the results obtained in the ample case still hold if 
the Monge-Ampere measure (dd c (j)) n is replaced by lx-F{.dd c {lx-F ( t ) )) n i 
where F is a certain analytic variety in X, naturally associated to L. 
The main (technical) point is that the proof of the C 11 — regularity of <f) e 
goes through on the complement of F. Finally, in the case when L is not 
big it can be shown that the convergence results of the Bergman kernels 
simply say that = 0. The details will appear elsewhere. 

Acknowledgement 1.1. It is a pleasure to thank Jean-Pierre Demailly and 
Sebastian Boucksom for several illuminating discussions on the topic of 
the present paper. In particular, the approach to the proof of the regu- 
larity theorem 12.31 was suggested by Jean-Pierre Demailly. Also thanks 
to Julien Keller for informing me about the work [17]. 

1.3. General notation^. Let (L,4>) be an Hermitian holomorphic line 
bundle over a compact complex manifold X. The fixed Hermitian fiber 
metric on L will be denoted by 0. In practice, is considered as a collec- 
tion of local smooth functions. Namely, let s u be a local holomorphic triv- 
ializing section of L over an open set U then locally, ^(z)^ =: e - ^ ( z \ 

where <p u is in the class C 2 , i.e. it has continuous derivatives of order 
two. If is a holomorphic section with values in L k , then over U it may 
be locally written as ot^ — f^- (s u )® k , where f% is a local holomorphic 
function. In order to simplify the notation we will usually omit the de- 
pendence on the set U. The point-wise norm of ct^ may then be locally 
expressed as 

(1-2) l«*l^=l/*| 2 e-**. 

The canonical curvature two-form of L is the global form on X, locally 
expressed as ddcj) and the normalized curvature form idd(f)/2-n = dd c (p 
(where d c := i(—d + d)/Ait) represents the first Chern class c\(L) of 
L in the second real de Rham cohomology group of X. The curvature 
form of a smooth metric is said to be positive at the point x if the 
local Hermitian matrix ( gf.^- ) is positive definite at the point x (i.e. 
dd c (p x > 0). This means that the curvature is positive when (f){z) is strictly 
plurisubharmonic i.e. strictly subharmonic along complex lines. We let 

X(0) :={xeX : dd c (j) x > 0} 

A line bundle L is ample if admits some smooth metric whose curvature 
is positive on all of X. 

More generally, a metric 0' on L is called (possibly) singular if |0'| is 
locally integrable. Then the curvature is well-defined as a (1, 1)— current 



1 general references for this section are the books |14l fTT] . 
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on X. The curvature current of a singular metric is called positive if 0' 
may be locally represented by a plurisubharmonic function (in particular, 
0' takes values in [— oo, oof and is upper semi-continuous (u.s.c)). In 
particular , any section a k as above induces such a singular metric on 
L, locally represented by 0' = | In \f k \ 2 . If Y is a complex manifold we 
will denote by PSH(Y) and SPSH(Y) the space of all plurisubharmonic 
and strictly plurisubharmonic functions, respectively. 

Fixing an Hermitian metric two-form oo on X (with associated volume 
form uj n ) the Hilbert space H(X,L k ) is defined as the space H°(X,L k ) 
with the norm 

(1-3) Rfc(= / \fk\ 2 e- k ^u n ), 

Jx 

using a suggestive notation in the last equality (compare formula [PI) . 

2. EQUILIBRIUM MEASURES FOR LINE BUNDLES 

Let L be a line bundle over a compact complex manifold X. Given 
a smooth metric on L the corresponding "equilibrium metric" e is 
defined as the envelope 

(2.1) (f> e (x) = sup y>{x) : E C(x,L), 4> < onXj . 

where is the class consisting of all (possibly singular) metrics on L 

with positive curvature form. If e is not u.s.c it should be replace it with 
its u.s.c regularization. Then e is also in the class C(x,l) [15J. In the 
case when e is locally bounded, the corresponding equilibrium measure 
is defined as the Monge-Ampere measure (dd c (p e ) n /n\ (see [15j for the 
definition of the Monge-Ampere measure of a locally bounded metric, 
based on the work [T| in C n ). When L is ample e is clearly locally 
bounded and it can be shown directly, by adapting the corresponding 
proof in C n (see the appendix in [22]) that (dd c (p e ) n /n! vanishes on the 
complement of the set. 

(2.2) D := {<p e = 0} C X 

However, the previous vanishing will also be a corollary of theorem 13.31 
below. 

2.1. C 11 — regularity for ample line bundles. In this section we will 
prove that the equilibrium metric e associated to a smooth metric on an 
ample line bundle L is locally in the class C ' 1 . As in [4], where the man- 
ifold X was taken as C n , the proof is modeled on the proof of Bedford- 
Taylor pflEHlCEJ f° r C 1,1 — regularity of the solution of the Dirichlet prob- 
lem (with smooth boundary data) for the complex Monge-Ampere equa- 
tion in the unit-ball in C n . However, as opposed to C n and the unit-ball 
a generic compact Kahler manifold X has no global holomorphic vector 
fields. In order to circumvent this difficulty we will reduce the regularity 
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problem on X to a problem on the pseudoconvex manifold Y, where Y 
is the total space of the dual line bundle L*, identifying the base X with 
its embedding as the zero-section in Y. To any given (possibly singular) 
metric on L we may associate the "squared norm function" on Y, 
where locally 

h,p(z,w) = \w\ 2 exp((f>(z)) . 
In this way we obtain a bijection 

(2.3) £(x,l) <-> C Y , i-> hj, 

where Cy is the class of all positively 2-homogeneous plurisubharmonic 
functions on Y : 

(2.4) C Y := {h e PSHiY) : h(X-) = |A| 2 h{-)}, 

using the natural multiplicative action of C* on the fibers of Y over X. 
Now we define 

(2.5) h e := sup {h G Cy : h < onX}). 

Then clearly, h e corresponds to the equilibrium metric (fi e under the bi- 
jection E31 The following lemma will allow us to "homogenize" plurisub- 
harmonic functions. 

Lemma 2.1. Suppose that the function f is spsh, f = on X, and f is 

S 1 — invariant in a neighbourhood of the sublevel set oo, c], c > 0. 

Then there is a function f in the class Ly such that f = f on the level 
setf-\c). 

Proof. First observe that f~ l (c) is an S* 1 — bundle subbundle of Y over 
X. Indeed, since / is assumed to be a spsh function on oo,c] it 

follows, from the maximum principle applied to discs in each fiber, that 
/ is strictly increasing along the fibers of Y over X. Hence, since / = 
on the zero-section and c > any y in Y — X may be written in a unique 
way as y = ro~, where f(a) = c and r > and we may define / by 

f(ra) :=r 2 f(a). 

Finally, to see that / is psh note that since / is strictly increasing along 
the fibers we have that / — c is a defining function for the domain 
f~ l [— oo, c], which is pseudoconvex, since / is psh. In the case when / is 
smooth and c is a regular value it follows that (dd c f) > along the holo- 
morphic subbundle T 1,0 (/ _1 [— oo, c]).By homogeneity this means that / 
is psh on all of Y. Finally, the general case may be obtained by a local 
approximation argument. □ 

The next (essentially well-known) lemma provides the vector fields 
needed in the approach of Bedford-Taylor: 

Lemma 2.2. Assume that the line bundle L is ample. For any given 
point yo in Y — X there are global holomorphic vector fields V\_, ...V n+ \ 
(i.e. elements of H°(Y,TY)) such that their restriction to yo span the 
tangent space TY yo and such that Vi vanish on X. 
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Proof. It is well-known [H] that on a Stein-space M any holomorphic 
coherent sheaf is globally generated (i.e. it has the spanning property 
stated in the lemma). Hence the lemma could be obtained by observing 
that Y may be blown-down to a Stein space after contracting X to a 
point so that the push-forward of TY becomes a coherent sheaf. But for 
completeness we give a somewhat more explicit argument. First note that 
Y may be compactified by the following fiber- wise projectivized vector 
bundle: 

Y := P(L* ©C), 

where C denotes the trivial line bundle over X. Denote by 0{1) the line 
bundle over Y whose restriction to each fiber (i.e. a one-dimensional 
complex space P 1 ) is the induced hyperplane line bundle. Next, observe 
that the line bundle 

L:= (ir*(L) <g> 0(1)) 

over Y is ample if L is, where ir denotes the natural projection from Y 
to X. Indeed, any given smooth metric + on L with positive curvature 
induces a metric on L with positive curvature, expressed as 

= vr*0+ + ln(l + /^ + ) 

on Y (extending to Y). Now it is well-known (for example using Hor- 
mander's L 2 — estimates [H]), that for any ample line bundle L and holo- 
morphic vector bundle E on a compact manifold Y the bundle E ® L fc °is 
globally generated for k sufficiently large. Setting E = TY and restrict- 
ing to Y in Y shows that TY ®n*(L) k ° is globally generated on Y (since 
(9(1) is trivial on Y). Finally, observe that 

tt*(L) = (tt^L*))- 1 = [X]-\ 

where [X] is the divisor in Y determined by the embedding of X as the 
base. Indeed, X is embedded as the zero-set of the tautological section 
of 7r*(L*) over Y(— L*). Hence, the sections of TY <g> n*(L) k ° may be 
identified with sections in TY vanishing to order k on X. This finishes 
the proof of the lemma. □ 

For any given smooth vector field V on Y and compact subset K of 
Y, we denote by exp(tV) the corresponding flow which is well-defined for 
any "time" t in [0, tic], i-e. the family of smooth maps indexed by t such 
that 

(2-6) ^f{exp(tV)(y)) = df[V] exp{tv)(y) 

for any smooth function / and point y on Y. We will also use the notation 
exp{V) := exp{lV). In the following we will just be interested in an 
arbitrarily small neighbourhood of X in Y and we will tacitly take t 
sufficiently small in order that the flow exists (or equivalently, rescale 
V). 
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Now fix a point yo in Y — X. Combining the previous lemma with the 
inverse function theorem gives local "exponential" holomorphic coordi- 
nates centered at yo, i.e a local biholomorphism 

C n+1 ^U(y), X^exp((V(X)(y ), V(A):=]rA^) 

Using that the vector fields Vi necessarily also span TY yi for y\ close to 
y it can be checked that in order to prove that a function / is locally 
Lipschitz continuous on a compact subset of Y it is enough to, for each 
fixed point yo, prove an estimate of the form 

(2.7) \f(exp(V(X))(y ))-f(y )\<C\X\ 

for some constant C only depending on the function /. 

Theorem 2.3. Suppose that L is an ample line bundle and that the given 
metric (ft on L is smooth (i.e. in the class C 2 ). Then 

(a) 4>e « s locally in the class C 1 ' 1 , i.e. e is differentiable and all of its 
first partial derivatives are locally Lipschitz continuous. 

(b) The Monge- Ampere measure of e is absolutely continuous with 
respect to any given volume form and coincides with the corresponding 
L™ c (n,n)—form obtained by a point-wise calculation: 

(2.8) {dd c <f) e ) n = det(dd c <j) e )u n 

(c) the following identity holds almost everywhere on the set D = {0 e = 
</>}: 

(2.9) det(dd c <p e ) = det(dd c <p) 

Proof. To prove (a) it is, by the bijection 12.31 equivalent to prove that h e 
(defined by 12.51) is locally C 1,1 on Y — X. Moreover, by homogeneity it is 
enough to show that there is a neighbourhood U of X in Y such that h e 
is locally C 1 ' 1 on U — X 

Stepl: h e is locally Lipschitz continuous onY — X. 

To see this fix a point y in Y — X . For simplicity we first assume 
that h e is strictly plurisubharmonic on Y — X (the assumption will be 
removed in the end of the argument). Let 

g(y) := h e (exp(V(X))(y)), g(y) := u.s.c( sup g(e l6 y)) 

ee[o,2n 

using the natural multiplicative action of C* on the fibers of Y over X and 
where u.s.c. denotes the upper-semicontinous regularization. Then both 
g and g are psh functions (using that the family g(e l9 -) of psh functions 
is locally bounded). Note that 

h e (exp(V(X))(y ) =: g(y ) < g(y ) = g(y ), 

where g is the function in the class Cy obtained from lemma |2~T1 applied 
to / = g and c = 'g(yo) (note that 7j is still strictly plurisubharmonic, 
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since the flow exp(V(X)) fixes X). Moreover, since by definition h e < 
we have the following bound on the levelset g (c) : 

(2.10) d((y)< sup h^(exp(V(X))(e id y) < sup h^e w y) + C\X\, 

0e[O,27r] 6»S[0,27r] 

using that is locally Lipschitz in the last inequality. Indeed, since h<p 
is in the class C 1 the property 12.61 of the flow gives 

h^expiV ~ MO = / dh^[V(\)} exp{tv{X )(y)dt 

Jo 

Hence, since 

VW '■= \M (E vfrVi), the constant C in [2TT0l may be taken 

to be 

C = sup MM^U 

yeK,i=l,..N+l 

for some compact neighbourhood K of X in Y. Since is S 1 — invariant 
and g (c) is compact. 12.101 gives that 

(2.11) ?-C|A|</i 

on g (c) and hence, by homogeneity, on all of Y. This shows that the 
function 'g — C |A| is a contender for the supremum in the definition 12.51 
of h e and hence bounded by h e . All in all we get that 

h e (exp(V(X))(y ) < f(y ) < h(y ) + C |A| . 

The other side of the inequality 12 .71 for / = h e is obtained after replacing 
A by —A. Finally, in order to remove the simplifying assumption that h e 
be strictly plurisubharmonic on Y — X we apply the previous argument 
to get the same bounds on 

h$ := h e (l -5) + 5h + 

where h + is spsh and in the class £y (if L is ample than h + clearly exists). 
Finally, letting 5 tend to zero, finishes the proof of Step 1. 

Step2: dh e exists and is locally Lipschitz continuous onY — X. 

Following the exposition in [12] it is enough to prove the following 
inequality: 

(2.12) h e (exp(V(X))(y ) + h e (exp(V(-X))(y ) - 2h e (y ) < C |A| 2 , 

where the constant only depends on the second derivatives of on some 
compact subset of Y. Indeed, given this inequality (combined with the 
fact that h e is psh) a Taylor expansion of degree 2 gives the following 
bound close to yo for a smooth approximation h e of h e : 

\D 2 h e \ < C 

where h t := h e *Xe, using a a local regularizing kernel Xe and where D 2 h e 
denotes the real Hessian matrix of h e . Letting e tend to then proves Step 
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2. Finally, to see that the inequality 12.121 holds we apply the argument 
in Step 1 after replacing g by the psh function 

f(y) := {h e (exp(V(X))(y) + h e (exp{V(-X))(y))/2 

to get 

f(y)<f((y)< sup (h4(exp(V(\))(e w y) + (exp(V(-\))(e w y))/2 

0G[O,27r] 

Next, observe that for each fixed 9 the function h${e ld y) is in the class 
C 2 . Hence, a Taylor expansion of degree 2 gives 

f((y)< sup ((Me^))+C|A| 2 ) = h^y) + C \X\ 2 ) 

8e[0,2n] 

where the constant C may be taken as a constant times sup K \D 2 h ( f > \ . This 

shows that / — C |A| 2 is a contender for the supremum in the definition 
12.51 of h e and hence bounded by h e . All in all we obtain that 

f(yo)< VM + C|A| 2 , 

which proves the inequality 12.121 finishing the proof of Step2. 

(b) By the C 1,1 — regularity, the derivatives q z _q s . 4> e are in L^ c and it 
is well-known that this implies the identity 14.51 for the Monge- Amp ere 
measure. Finally, to see that 14.61 holds, it is enough to prove that locally 

d 2 (b , , 



dzidzj 







almost everywhere on D = {<p e = <f\. To this end we apply a calculus 
lemma in [18] (page 53) to the C 1 ' 1 — function (fi e — (ft (following the ap- 
proach in [K]), which even gives the corresponding identity between all 
real second order partial derivatives almost everywhere onD. □ 

Remark 2.4. Fix a metric + on L with positive curvature. Then uo + : = 
dd c cj) + is a Kahler metric on X and the fixed metric on L may be 
written as (f> = u + <fi + , where u is a smooth function on X. Now the pair 
(u e , M) where u e := e — 0+ and M is the set X — D, may be interpreted 
as a "weak" solution to the following free boundary value problem of 
Monge- Ampere type^: 

{dd c u e + u+) n = onM 
u e = u ondM 
du e = du 

The point is that, since the equations are overdetermined, the set M is 
itself part of the solution. In [16j the C 11 — regularity of e in the case 
when X = C (corresponding to the setup in [22]) was deduced from the 
regularity of a free boundary value problem. 



2 since there is a priori no control on the regularity of the set M, it does not really 
make sense to write dM and the boundary condition should hence be interpreted in 
a suitable "weak" sense. 
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3. BERGMAN KERNEL ASYMPTOTICS 

Denote by TC(X, L k ) the Hilbert space obtained by equipping the vec- 
tor space H°(X,L k ) with the norm 11.31 induced by the given smooth 
metric on L and the volume form u n . Let (ipi) be an orthonormal base 
for H(X,L k ). The Bergman kernel of the Hilbert space TC(X,L k ) is the 
integral kernel of the orthogonal projection from the space of all smooth 
sections with values in L k onto H(X,L k ). It may be represented by the 
holomorphic section 

(3.1) K k (x, y) = J2 fc( x ) ® 

i 

of the pulled back line bundle L k M L k over X x X. The restriction of K k 

k 

to the diagonal is a section of L k ® L and we let B k (x) = \K k (x, x)\ k< L (= 
\K k (x,x)\ e~ k ^ x ^) be its point wise norm: 

(3-2) B k (x) = J2\Mx)\ 2 k(f> . 

i 

We will refer to B k (x) as the Bergman function of H(X,L k ). It has the 
following extremal property: 

(3.3) S fc (x)=sup{|a fc (x)|^: a k e H{X, L k ), \\a k f k(f> < l} 

Moreover, integrating [321 shows that B k is a "dimensional density" of the 
space H{X, L k ) : 

(3.4) f B k uj n = dimH(X,L k ) 

Jx 

Now if L is an ample line bundle, the dimension of T~t(X, L k ) is explicitly 
known to the leading order in k jT4] giving 

(3.5) lim / k~ n B k u n = [ Cl (L)"(= / (dd c e ) n ), 

Jx Jx Jx 

where we have represented the first Chern class C\(L) by the positive 
curvature current dd c (f) e of the equilibrium metric <p e , using that (dd c (j) e ) n 
is well-defined when L is ample. 

The following "local Morse inequality" estimates B k point-wise from 
above for a general bundle: 

Lemma 3.1. (Local Morse inequalities) Let (f> be a smooth metric on a 
holomorphic line bundle L over a compact manifold X. Then the following 
upper bound holds on X : 

k~ n B k < C k l X (o) det(Af0), 

where the sequence C k of positive numbers tends to one and X{jS) is the 
set where dd c (p > 0. 
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See [2] for the more general corresponding result for d— harmonic (0, q)- 
forms with values in a high power of an Hermitian line bundle. The 
present case (i.e. q = 0) is a simple consequence of the mean-value 
property of holomorphic functions applied to a poly-disc of radius 
Ink/y/k centered at the origin in C n (see the proof in [3]). In fact, the 
proof gives the following stronger local statement: 

(3.6) IimBupA;-»|/ fc (0)| 2 e-**W/||/ fc ||* < lx (o) (0) det(d^), 

k 

where f k is holomorphic function defined in a fixed neighbourhood of the 
origin in C n . 

The estimate in the previous lemma can be considerably sharpened on 
the complement of D (formula I2.2D , as shown by the following lemma: 

Lemma 3.2. Let <p be a smooth metric on a holomorphic line bundle L 
over a compact manifold X. Then the following inequality holds on all of 
X: 

(3.7) B k k' n < C k e- k ^- M 

where the sequence C k of positive numbers tends to sup x det(dd c (f)). In 
particular, 

(3.8) lim / k~ n B k u n = 

J D c 

Proof. By the extremal property 13.31 of B k it is enough to prove the 
lemma with _Bfc/c _n replaced by |afc|L, locally represented by |/fc|e _fc9i , 
for any element a k in H(X, L k ) with global norm equal to k~ n . The 
Morse inequalities in the previous lemma give that 

IM 2 e-**<C fc 

with C k as in the statement of the present lemma. Equivalently, 

lln|/ fe | 2 -ic fe <0 

Hence, the singular metric on L determined by \ In |/ fc | 2 — \C k is a can- 
didate for the sup in the definition 12.11 of 4> e and is hence bounded by <p e . 
Thus, 

B k k- n =\f k \ 2 e- h *<C k e k +'e- k +. 

□ 

Finally, the vanishing 13.81 follows from the dominated convergence the- 
orem, since the right hand side in the previous inequality tends to zero 
precisely on the complement of D. 

Theorem 3.3. Let L be an ample line bundle over X and let B k be the 

Bergman function of the Hilbert space 7i(X, L k ). Then 

(3.9) k" n B k — > lunx(o) det(dd c <f)), 

in L 1 (X,u n ), where X(0) is the set where dd c 4> > and D is the set \KM 
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Proof. First observe that, by the exponential decay in lemma f372l 

lim k- n B k (x) =0, x E D c 

k^oo 

Next, observe that it is enough to prove that 

(3.10) lim / k~ n B k u n = [ {dd c (t)) n /n\ 

k ^°° J D JDnX(0) 

Indeed, given this equality the local Morse inequalities (lemma I3TTT) . then 
force the convergence 14.81 on the compact set D. The proof proceeds 
precisely as in [3] (part 1, section 2). 

Finally, to prove that 13.101 does hold, first note that 



(3.11) I (dd c <p e ) n = lim I k- n B k u n < [ {dd c (j)) n /n\ 

where we have combined formula l3~5l and l3~8l to get the equality and then 
used the local Morse inequalities (lemmaED) in the inequality (also using 
the dominated convergence theorem). Finally, by formula [46] in theorem 
I2.3l we may replace with e in the right hand side, showing the the right 
hand side in the previous equality is equal to f DnX , Jdd c (f) e ) n . But since 
(dd c <p e ) n is a positive measure this can only happen if all inequalities in 
13.111 are actually equalities, which proves 13.101 and finishes the proof of 
the theorem. □ 

Combining the previous theorem with the regularity theorem 12.31 now 
gives the following 

Corollary 3.4. The equilibrium measure corresponding to the smooth 
metric (ft on L is given by 

(dd^r/nl = l DnX{Q) {dd c cj>) n /n\, 

where D = {0 e = 0}. 

3.1. The Bergman metric. The Hilbert space TC(X, L k ) induces a met- 
ric on the line bundle L in the class C>(x,l) which may be expressed as 

fc _1 ln K k (x, x), 

often referred to as the kth Bergman metric on L. If L is an ample 
line bundle, then this is the smooth metric on L obtained as the pull- 
back of the Fubini-Study metric on the hyperplane line bundle Oil) over 
P iV (= WH(X, L k )) (compare example 15. II in section[5]) under the Kodaira 
map 

X -> FH(X, L k ), y ^ (^(x) : ^ 2 (x)... : V N (x)) , 
for k sufficiently large, where (^) is an orthonormal base for TC(X, L k ) 

We will make use of the following well-known extension lemma, which 
follows from the Ohsawa-Takegoshi theorem (compare |6j): 
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Lemma 3.5. Let F be a line bundle with a (possibly singular) metric 
(pL such that the curvature dd c (pF is positive in the sense of currents and 
let A be an ample line bundle. Then, after possibly replacing A by a 
sufficiently large tensor power, the following holds: for any point x in X 
where 7^ oo, there is an element a in H°{X,F®A) such that 

(3-12) Hx)| 0f+ ^ = 1, IMI^ + ^<c. 

The constant C is independent of the line bundle F and the point x and 
depends only on a fixed smooth metric 4>a on A. 

Now we can prove the following theorem: 

Theorem 3.6. Let L be an ample line bundle and let K k be the Bergman 
kernel of the Hilbert space Ti,(X,L k ). Then the following convergence of 
Bergman metrics holds: 

(3.13) k~ x lnK k {x^ x) — > 4> e (x) 

uniformly on X (the rate of convergence is of the order \nk/k). In par- 
ticular, the corresponding "Bergman volume forms" converge to the equi- 
librium measure: 



(3.14) (dd^k-HnK^x))) 71 -> (dd c (t) e ) n 

weakly as measures. 

Proof. In the following proof it will be convenient to let C denote a 
sufficiently large constant (which may hence vary from line to line). First 
observe that taking the logarithm of the inequality 13.71 in lemma 13.21 
immediately gives the upper bound 

fc _1 ln K k (x, x) < (f) e (x) + C In k/k 

To get a lower bound, fix a point xq in X and note that by the extremal 
property 13.31 it is enough to find a section a k such that 

(3-15) \a k {x )\ k(j)e >l/C, \\a k \\ XM <C. 

To this end we take the section a k furnished by lemma the previous 
lemma applied to (F,<p F ) = (L k ~ k °,(k - k )4>e) and A = L k °, for k 
sufficiently large. Then L k = F ® A gets an induced metric 

(3.16) i[) k = (k - k )4> e + 4>a 

and 

\a k {y)\we ^ Vc, IMIx,^ < c> 

where we have fixed a smooth metric cj>A on L k ° with positive curvature 
such that (pA < k (p. Since, by definition e < 0, this proves 13.151 and 
hence the theorem. 

The Monge-Ampere convergence 13.141 now follows from the uniform 
convergence 13.131 (see |15|). □ 
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3.2. The full Bergman kernel. Combining the convergence in theorem 
13.31 with the local inequalities 13.61 gives the following convergence for 
the point- wise norm of the full Bergman kernel Kk(x,y). The proof is 
completely analogous to the proof of theorem 2.4 in part 1 of [3J. 

Theorem 3.7. Let L be an ample line bundle and let K k be the Bergman 
kernel of the Hilbert space 7~C(X, L k ). Then 

k- n \K k (x,y)\ 2 k(j> oj ri (x) A uj n (y) — > A A l DnX (o)(dd c (j)) n jn\ , 

as measures on X x X , in the weak ^-topology, where A is the current 
of integration along the diagonal in X x X. 

Finally, we will show that around any interior point of the set Df]X(0) 
the Bergman kernel K k (x,y) admits a complete local asymptotic ex- 
pansion in powers of k, such that the coefficients of the corresponding 
symbol expansion coincide with the Tian-Zelditch-Catlin expansion (con- 
cerning the case when the curvature form of is positive on all of X; 
see [5] and the references therein for the precise meaning of the asymp- 
totic expansion). We will use the notation <p(x,y) for a fixed almost 
holomorphic-anti-holomorphic extension of a local representation of the 
metric <ft from the diagonal A in C n x C n , i.e. an extension such that 
the anti-holomorphic derivatives in x and the holomorphic derivatives in 
y vanish to infinite order on A. 

Theorem 3.8. Let L be an ample line bundle and let K k be the Bergman 
kernel of the Hilbert space Ti.(X, L k ). Any interior point in D flX(O) has 
a neighbourhood where Kk(x,y)e~ k ^ x >' 2 e~ k ^ y >' 2 admits an asymptotic 
expansion as 

(3.17) k n {det{dd c <f)){x) + h{x, y)^ 1 + b 2 (x, y)k~ 2 + ...)e k<t>(x ' y) , 

where hi are global well-defined functions expressed as polynomials in the 
covariant derivatives of dd c 4> (and of the curvature of the metric u) which 
can be obtained by the recursion given in [5]. 

Proof. The proof is obtained by adapting the construction in [5], con- 
cerning positive Hermitian line bundles, to the present situation. The 
approach in [5] is to first construct a "local asymptotic Bergman kernel" 
close to any point where is smooth and dd c (j) > 0. Hence, the local 
construction applies to the present situation as well. Then the local ker- 
nel is shown to differ from the true kernel by a term of order 0(k~°°), 
by solving a <9-equation with a good L 2 — estimate. This is possible since 
dd c (p > 1/C globally in that case. In the present situation we are done if 
we can solve 

(3.18) du k = g k , 

where g k is a d— closed (0, 1)— form with values in L k , supported on the 
interior of the bounded set DnX(0), with an estimate 

(3-19) lkiL<cikiL 
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To this end we apply the L 2 — estimates of Hormander-Kodaira [H] with 
the metric ipk on L k (formula 13 .161) occurring in the proof of theorem 13 .61 
This gives a solution Uk satisfying the inequality 13.191 with k<p replaced 
by the weight function ipk- To see that we actually have the estimate 13.191 
(i.e. with the weight /c0 itself) we apply the same argument as in the end 
of the proof of theorem 13.61 to the left hand side in 13.191 Finally, for the 
right hand side in 13. 191 we use that = e on the bounded set DnX(0) 
where is supported. □ 

4. Sections vanishing along a divisor 

In this section we will show that the setup in the previous sections can 
be adapted to the case when the Hilbert space H(X,L k ) is replaced by 
the subspace of all sections vanishing to order at least k along a fixed 
divisor (which we for simplicity take to be irreducible): 

Z = {s z = 0}, 

assuming that the line bundle L® \Z\~ X is ample (without assuming that 
L is ample). The point is that this amounts essentially to replacing (L, 0) 
with the Hermitian line bundle (L ® [Z]~ l ,<p — ln(|s^| 2 )) to which the 
previous setup essentially applies if one also takes into account the fact 
the singular metric — m(|sz| 2 ) is equal to infinity on Z. Hence, the 
corresponding curvature current will be negative close to Z, even if the 
curvature form of is globally positive. 

4.1. Equilibrium metrics with poles along a divisor. Let C(x,Ly,z 

be the subclass of C(x,L) consisting of all metrics on L such that the 
Lelong numbers of are bounded from below by one along the divisor 
Z : 

^(0)cc > 1, whenx G Z, 

where 

v($) x := lim 4- / dd c cj) A (dd c k| 2 ) ri ~ 1 /(^ - 1)!, 



+o+ r 



\z\<r 

with respect to any local coordinate z centered at x. Then we define the 
associated equilibrium metric with poles along Z as 

4>e.z( x ) = SU P {0( x ) : e £(x,Ly,z, < onxj 
and the following set, compactly included in X — Z : 

(4.1) D Z ■= {0e,Z = 0} 

Lemma 4.1. The following decomposition holds: 

0e,Z = A + ^(\sz\ 2 ) 

where 

ip e (x) = sup Up(x) : $ e £(x,z®[z]-i), V> < - ln(kz| 2 ) onX - z| . 
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Proof. First observe that 

(4.2) u$) x >l,VxeZ^3(C,U z ): < ln(|s z | 2 ) + C on U z , 

where U z is a neighbourhood of Z. Indeed, this is a direct consequence 
of the following characterization [TT] of the Lelong number at of a germ 
of a psh function in C n : 

(4.3) z/(0) o = sup 1 7 : < 7 ln(|z| 2 ) + C 7 close to oj 

Next, observe that 
( 4 - 4 ) 

U z ):<f>< H\sz\ 2 ) + Con U z & i[> := - ln(| Sz | 2 ) G C (x , m z]-i). 

To see this first note that in general ip above determines a (possibly 
singular) metric onL® \Z\~ X over X — Z with positive curvature current 
da l c ip = dd c 4>. Now the condition that < ln(|s^| 2 ) +C close to Z means 
that ip is bounded close to Z, which is equivalent to the fact that it 
extends to an element of C^x^iz]- 1 )- This follows from the corresponding 
local extension property of plurisubharmonic functions over an analytic 
variety (or more generally over any pluripolar set) in C n |19j . 

Finally, combining 14.21 and 14.41 gives a bijection between and 

vCp^L^z]- 1 )- Since, < on X if and only if the equality holds on 
X — Z (using that is assumed to be u.s.c) this finishes the proof of the 
lemma. □ 

Using the decomposition in the previous lemma the following regularity 
result is obtained (compare theorem 12.31) : 

Theorem 4.2. Suppose that L <g> [Z]^ 1 is an ample line bundle and that 
the given metric on L is smooth. Then 

(a) 4>e,z is locally in the class C ,l on X — Z, i.e. e is differentiable 
and all of its first partial derivatives are locally Lipschitz continuous. In 
fact, 

4>e,z = A + ln(|s z | 2 ), 
where ip e is locally in the class C 1 ' 1 on all of X. 

(b) The Monge- Ampere measure of e on X — Z is absolutely con- 
tinuous with respect to any given volume form and coincides with the 
corresponding L^ c (n,n)—form obtained by a point-wise calculation: 

(4.5) (dd c (f) e ,z) n = det(dd c (f) e ,z)uJ n onX - Z 

(c) the following identity holds almost everywhere on the set D z = 
{0 e ,z = 0} : 

(4.6) det(dcf0) = det(Af0 e>z ) = det(dd c tp e ) 

Proof, (a) By the previous lemma it is enough to prove that ip e is locally 
in the class C 1,1 on X. Since L ® \Z\~ X is an ample line bundle over X 
this would be a direct consequence of theorem 12.31 if ip := — ln(|s^| 2 ) 
were in the class C 2 on all of X and not only onX-Z. In order to supply 
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the necessary modifications of the argument note that, as a locally psh 
function, ip e is necessarily bounded from above close to Z and hence the 
bound corresponding to the bound 12.111 trivially holds over a neighbour- 
hood of Z, since if) is equal to infinity along Z. This proves that ip e is 
locally Lipschitz and the rest of the proof of (a) can be modified an a 
similar way. The proof of (b) and (c) proceeds exactly as in the proof of 
theorem 12.31 □ 

4.2. Bergman kernels vanishing along a divisor. Now consider the 
sub Hilbert space TCk,z °f 7~L(X,L k ), consisting of all sections a k such 
that the order of vanishing of a k along the divisor Z is at least k. Since 
the later condition means that 



fk = 9k®sf, g k eH\X,L k ®[Z] 



-In 



the Hilbert space TCk,z is isomorphic to the vector space H°(X, L k ®[Z] x ) 
equipped with the norm 11.31 induced by <p, under the natural embedding 

(4.7) H°(X, L k <g> [Z]' 1 ) -> H°(X, L k ) 

We denote by K k Z and B k Z the corresponding Bergman kernels and 
Bergman functions, respectively. 

Theorem 4.3. Assume that the line bundle L® [Z]~ l over X is ample. 
Let Bk,z be the Bergman function of the Hilbert space Hk,z of all sections 
vanishing along Z to order at least k. Then 

(4.8) k~ n B KZ -> 
in L X (X, u n ). 

Proof. First note that the local Morse inequalities 13.11 still hold when B k 
is replaced by B^z, since B^z < B k . Moreover, if fa is a local repre- 
sentation of en element of TCk,z, the embedding 14.71 and the character- 
ization [43] of the Lelong numbers give that 4ln|/fc(z)| (and hence also 
k'HnKk^z) belongs to the class C(x,l);Z- Hence, the proof of lemma l3~7l 
goes through in the present setting, showing that k~ n Bk,z converges (ex- 
ponentially) to zero on X — D z . Thus, we get as in the proof of theorem 
[3731 

(4.9) \mYk~ n dimH K z = lim / k~ n B k ^ z u n < / {dd c (j)) n /n\ 

k k JD Z JD z nX(0) 

By theorem [42] the right hand side is bounded by f x _ z (dd c ip e ) n /n\ which 
is equal to the top intersection number of C\(L ® [Z]~ l ). Now, since 
L® \Z\~ X is ample this number is equal to the limit of k~ n dimif°(X, L k ® 
[Z] -1 ), which in turn equals the left hand side in 14.91 Hence, the inequal- 
ity in 14.91 is actually an equality. The rest of the proof proceeds word for 
word as in the proof of theorem 13.31 □ 

Next, we have the following generalization of theorem 13.61 which can 
be seen as a global version of the general approximation results for 
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(1, 1)— currents of Demailly p3], in the particular case when the current 
(here given by dd c <p et z) is singular along a divisor. 

Theorem 4.4. Assume that the line bundle L ® [Z]~ l over X is ample. 
Let Kk z be the Bergman kernel of the Hilbert space Ttk,z of all sections 
vanishing along Z to order at least k. Then 

k'HnK^zix^) — >■ <f) e ,z{x) 

uniformly on X — Z (the rate of convergence is of the order lnfc/fc). In 
particular, the corresponding convergence of the Lelong numbers along 
Z holds: 

v(k~ l \nK k)Z )x -> V(<fre,z)x(= 1) 

and the corresponding "Bergman volume forms" converge on X — Z to 
the equilibrium measure: 

(dd^k-HnK^x^W -> (dd c ^ z ) n 
weakly as measures on X — Z. 

Proof. As above the proof can be reduced to the proof of the correspond- 
ing theorem in the case when there is no divisor Z (theorem 13.61) . This 
gives the uniform convergence 

k' x \^K KZ [x,x) - ln(|s z | 2 (x)) -> (f> e (x) - hi(|s z | 2 (x)) 

on all of X. The convergence of the Lelong numbers then follows from 
the characterization [4731 □ 

Finally, note that the theorems 13.71 and 13.81 generalize in the corre- 
sponding way to the present situation. The explicit statements are omit- 
ted. 

5. Examples 

Finally, we illustrate some of the previous results with the following 
examples, which can be seen as variants of the setting considered in [4] 
(compare remark [5731 below) . 

Example 5.1. Let X be the n— dimensional projective space P n and let 
L be the hyperplane line bundle 0(1). Then H°(X,L k ) is the space of 
homogeneous polynomials in n + 1 homogeneous coordinates Zq, Z l7 ..Z n . 
The Fubini-Study metric 4>fs on 0(1) may be suggestively written as 
4>fs{Z) = ln(|Z| 2 ) and the Fubini-Study metric ujfs on P n is the nor- 
malized curvature form dd c <pFS- Hence the induced norm on H°(X, L k ) is 
invariant under the standard action of SU(n + l) on P n . We may identify 
C n with the "affine piece" P n — where is the "hyperplane at in- 
finity" in C n (defined as the set where Z = 0). In terms of the standard 
trivialization of 0(1) over C n (obtained by setting Z = 1) the space 
H°(Y, L k ) may be identified with the space of polynomials in of 
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total degree at most k and the metric 4>fs on 0(1) may be represented 
by the function 

F5 (C)=ln(l + |C| 2 ). 
Moreover, any smooth metric on 0(1) may be represented by a function 
0(C) satisfying the following necessary growth condition^ 

(5.1) -C+ ln(l + |C| 2 ) < 0(C) < Ml + |C| 2 ) + C, 
which makes sure that the norm [L3l expressed as 

IIAII*:= / |/ fc (C)| 2 e- fc ^ 5 /^ 

is finite precisely when fk corresponds to a section of 0(m), for m = 1. 
In particular, any smooth compactly supported function x{Q determines 
a smooth perturbation 

(5.2) MC)--=MC) + x(C) 

of (fips on 0(1) over P n , to which the results in section [2] and [3] apply. For 
example, if \ is a radial function then it can be checked that the graph 
of the equilibrium metric determined by X is simply the convex hull of 
the graph of X considered as a function of v :— In \ (\ . 

The next example introduces a divisor into the picture, as in section 

H 

Example 5.2. Let X = F n , L = 0(2) and denote by Z the hyperplane 
at infinity in C n . Then L <g> [Z]~ l ~ 0(1) is ample. We equip L with the 
canonical metric 2(p FS - Then H°(X, L k ) may be identified with the space 
of all polynomials in C n of degree at most 2k, while the subspace H.k,z 
is the space of polynomials of degree at most k. In this case the set D z 
(formula 14. II) is, by symmetry, a ball 5(0; r) centered at of radius r, 
where r is determined by the following volume condition: 

/ {2uo FS ) n /n\ = 1. 

JB(0;r) 

Remark 5.3. The setting considered in [4] corresponds to replacing ujpg 
by the Euclidean metric on C n and the growth-condition 15.11 by the con- 
dition that 

(5.3) (l + 6)ln(l + |C| 2 )<0(C) 

(but with no upper bound or further assumption about smoothness "at 
infinity"). Hence, in a certain sense, example 15.11 may be seen as a lim- 
iting case of the setting in [3J. In particular, the set D fl C n may be 
non-compact in that example, while it is always compact under the as- 
sumption 15.31 Note however, that example 15.21 is essentially a special 
case of the situation studied in [4] (if ujfs is replaced by the Euclidean 
metric). Indeed, the bound [5731 holds with e = 2. 



in order that <f> extend over the hyperplane at infinity to a smooth metric further 
conditions are needed. 
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In the next example, which in a certain sense is dual to the previous 
one, the line bundle L is not ample, but since L <g> [Z]~ l is, the main 
results in section [4] still apply. 

Example 5.4. Let X = P n be the blow-up of P n at the origin in C n and 
denote by % the projection (blow-down map) from P n to P n . Let L = 
7r*0(2) and denote by Z the exceptional divisor over 0. Then L ® \Z\~ X 
is ample (for example by the Nakai-Moishezon criteria [H]). We equip L 
with the metric n*{2cf)Fs)- Then H°(X,L k ) may again be identified with 
the space of all polynomials in C n of total degree at most 2k, while the 
subspace Tik,z is the space of polynomials of total degree at least k + 1. 
In this case the set Dz (formula 14 .11) is, by symmetry, the complement of 
a ball -6(0; r) of radius r, where r is determined by the following volume 
condition: 

/ (2u FS ) n /n\ = 1. 

JC n -B(0;r) 

In order to compare with example l5.ll where there is no divisor, note that 
the blow-down map ti induces an isomorphism H°(X, (L ® ~ 
H°(F n , 0{l) k such that the "push-forward" of the corresponding singular 
metric ip on L(g>[Z] _1 (compare the decomposition in lemma l4~TT) becomes 
the singular metric 

20 FS (C)-ln|C| 2 

on 0(1). This metric may be seen as a limit of metrics (p Xi on 0{1) of 
the form 15.21 where the limiting function x is given by 

x(o = in(i + icr 2 ). 

The point is that x tends to as \(\ tends to infinity and to infinity as 
|C| tends to 0. 
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